








Fig. 23: A photograph of the MSD and MCU. In this photograph the MSD and MCU are attached
with a common anodeconnection.
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Appendix F Approximating a Damping Constant

The damping constant that I used for each numerical integration was determined with the

same method. A pendulum was allowed to oscillate with an initial angular displacement of 5◦

and a stationary pivot. The motion was recorded until the pendulum stopped oscillating and

then I tracked the motion using Tracker software [30]. The Tracker data was plotted and I used

a Locally Weighted Scatter Plot Smoothing (LOWESS) on qtiplot [31] to smooth and center

the data. I plot the angular displacement as a function of time in Fig. 24.

Fig. 24: Plot of the position of a damped simple pendulum with a stationary pivot.

The equation of motion for the simple pendulum will have an exponential and sinusoidal

solution such that

θ(t) = AeB(t−C) sinD(t− E) + F. (43)

I used this general form to plot another set of data on top of the angular position of the pen-

dulum. I then minimized the difference of the sum of the squares of the two sets of data. I

display the fit data plotted over the angular position data in Fig. 25. For the displayed data,

the difference between the sum of the squares was 0.00057 and was comparing 5284 different

datum.

By minimizing the difference of the sum of the squares I determined B = −0.005 707 615 rad/s
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and for the simple pendulum, B = −b
2m

, which is the damping constant [32]. I used this approx-

imation of the damping constant during the numerical integration of the equation of motion

for the 26.5 cm simple pendulum with a moving pivot. I used this approximation aware that it

could be inaccurate for the pendulum with a moving pivot. Future studies may attempt to use a

non-linear damping function.

Fig. 25: Plot of the position of a damped pendulum with fit data. Plot with the fit data superposed
on top.
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Appendix G Python Code

G.1 Maximum Amplitude as a function of Drive Frequency: Numerical Integration and Plotting
Code

This is the code we used to numerically integrate the equation of motion of each pendu-

lum. The specific code given is for the long, 20 g simple pendulum. The plot that this code

yielded is shown in Fig. 11.

# Simple_Pendulum_w_Osc_Pivot_Res_Curve_v1.py

#

# A simple pendulum is a point mass

# attached by an ideal string to a pivot.

# Here, the pivot is sinusoidally driven.

#

# We assume that there is no drag or friction.

#(We now have a damping constant - RP)

#

# This file will generate a plot of

# the maximum amplitude of oscillation versus drive frequency,

# i.e., the resonance curve.

# (File now plots data over the numerical integration - RP)

# The general idea: start the pendulum from rest and let it go

# through 30 natural time periods worth of driven oscillation.

#For example, if the drive period is twice as long as the natural

# period then the time window is 15 drive cycles in duration.

#

# Written by:

#

# Ernest R. Behringer
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# Department of Physics and Astronomy

# Eastern Michigan University

# Ypsilanti, MI 48197

# (734) 487-8799

# ebehringe@emich.edu

#

# 20180926 by ERB

#

# Edited by:

#

#Ryan Pacheco

#In attempts to complete a thesis

# rpachec1@emich.edu

# rmpachec@umich.edu

#October 27, 2018

# import the commands needed to make the plot

from pylab import plot,xlabel,ylabel,grid,show,figure,xlim,ylim,

title

# import the command needed to make a 1D array

from numpy import array,arange,pi,sqrt,sin,cos,zeros,exp,vstack,

linspace

from scipy.integrate import odeint

from matplotlib.pyplot import errorbar
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# Inputs

g = 9.81 # gravitational acceleration [m/s2]

L = 0.165 # distance from pivot to CM of simple pendulum bob [m]

mass = 0.020 # mass of the pendulum bob [kg]

X_0 = 0.013 # amplitude of the pivot motion [m]

theta_i = 0.0 # initial angular position WRT the vertical [rad]

omega_i = 0.0 # initial angular speed [rad/s]

counter = 0 # counter for the loop

beta_0 = 0.11 # constant in front of dx [Hz]

# Define Data:

#Data from 20 g, 16.5 cm simple pendulum (first set)

data_short_20g_amplitude = [0.052359878, 0.06981317, 0.078539816,

0.06981317, 0.078539816, 0.104719755, 0.20943951, 1.082104136,

0.20943951, 0.165806279, 0.113446401, 0.087266463, 0.06981317,

0.06981317, 0.052359878]

data_short_20g_amplitude_unc = [0.03, 0.03, 0.03, 0.03, 0.03,

0.03, 0.03, 0.03, 0.03, 0.03, 0.03, 0.03, 0.03, 0.03, 0.03]

data_short_20g_scaledFreq =[0.547, 0.598, 0.676, 0.746, 0.790,

0.852, 0.874, 0.984, 1.204, 1.264, 1.379,1.529, 1.730, 1.843,

1.878]

data_short_20g_scaledFreq_unc =[0.00645586, 0.007049678,

0.007976153, 0.009946732, 0.011612267, 0.013271163,

0.014689804, 0.016971716, 0.023381461, 0.03002856,

0.034400064, 0.041612144, 0.052192706, 0.062915935, 0.068275441]

#Data from 20 g, 16.5 cm simple pendulum (second set)
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data_short_20g_amplitude2 = [0.750492, 0.401426, 0.331613,

0.523599, 0.959931, 0.872665, 0.436332, 0.715585, 0.890118,

1.029744, 1.082104, 1.483530, 1.658063, 0.645772, 0.209440]

data_short_20g_amplitude_unc2 = [0.03, 0.03, 0.03, 0.03, 0.03,

0.03, 0.03, 0.03, 0.03, 0.03, 0.03, 0.03, 0.03, 0.03, 0.03]

data_short_20g_scaledFreq2 =[1.044866571, 1.081757267,

1.151124188, 1.050252481, 1.007411527, 1.001223495,

1.063963349, 1.029035259, 1.006167809, 0.99389747,

0.97956241, 0.94766968, 0.905551028,

0.885865136, 0.867016942]

data_short_20g_scaledFreq_unc2 =[0.053582901, 0.057433356,

0.065035265, 0.054136726, 0.049810211, 0.049200172,

0.055559444, 0.051971478, 0.049687299, 0.048482803,

0.047094347, 0.04407766, 0.040246712, 0.038515875,

0.036894338]

# Calculate quantities [SI units]:

omega_sa = sqrt(g/L) # angular frequency of small

amplitude oscillations [rad/s]

period_sa = 2.0*pi/omega_sa # small amplitude period [s]

omega_D_lo = 0.5*omega_sa # low angular drive frequency [rad/s]

omega_D_hi = 1.5*omega_sa # high angular drive freqency [rad/s]

delta_omega_D = 0.01*omega_sa # interval of angular drive

frequency [rad/s]

# array of drive frequencies

omega_D = arange(omega_D_lo,omega_D_hi,delta_omega_D)
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amplitudes = zeros(len(omega_D))

print("Small amplitude period is %s s." %period_sa)

print("The initial angular position is %s rad." %theta_i)

print("The initial angular velocity is %s rad/s." %omega_i)

# Define omega_D_temp for now

omega_D_temp = omega_D[0]

# Here are the derivatives

def derivs(r,t):

x = r[0]

xp = r[1]

dx = xp

ddx = omega_D_temp*omega_D_temp*X_0*cos(omega_D_temp*t)*cos(x)/L

- (g/L)*sin(x)-beta_0*dx

return array([dx,ddx],float)

# Specify the initial and final time for the integration

t1 = 0.0 # initial scaled time

t2 = 40.0*period_sa # final scaled time

N = 8000 # number of time steps

h = (t2-t1)/N # time step size

tpoints = arange(t1,t2,h)

#print len(tpoints)

# Start the loop over angular drive frequencies

for n in omega_D:

omega_D_temp = n
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# Specify initial conditions

x_i = theta_i # theta = theta0 is at the beginning of the motion

dxdt_i = omega_i # dxdt0 is the velocity at the start gate [m/s]

r_i = array([x_i,dxdt_i],float)

# Integrate using the fourth-order Runge-Kutta method with

#fixed stepsize

r = odeint(derivs,r_i,tpoints)

# Save the maximum amplitude of the solution

amplitudes[counter] = max(r[:,0])

# Increment the counter

counter = counter + 1

# Plot the resonance curve

figure("Resonance Curve for the Simple Pendulum

with Oscillating Pivot")

plot(omega_D/omega_sa,amplitudes,"k-")

xlim(omega_D_lo/omega_sa,omega_D_hi/omega_sa)

ylim(0.0,max(amplitudes))

xlabel("Scaled Angular Drive Frequency

$\\omega_D/\\omega_{o}$",fontsize=16)

ylabel("Oscillation Amplitude $\\theta$ [rad]",fontsize=16)

grid(True)

# Add data set 1 to plot

errorbar(data_short_20g_scaledFreq,data_short_20g_amplitude,

xerr=data_short_20g_scaledFreq_unc,

yerr=data_short_20g_amplitude_unc,

fmt="b.",label="Measured Amplitudes")

# Add data set 2 to plot
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errorbar(data_short_20g_scaledFreq2,data_short_20g_amplitude2,

xerr=data_short_20g_scaledFreq_unc2,

yerr=data_short_20g_amplitude_unc2,

fmt="b.",label="Measured Amplitudes")

title("Length = %s m, $\omega_{o}$ =

%.2f rad/s, $T_{o}$ = %.2f s"%

(L,omega_sa,period_sa))

show()

G.2 Amplitude Evolution with Time for a Pivot Driven Simple Pendulum, with Specific ωD: Python
Plot Code

This is the code we used to predict the amplitude as a function of time evolution for a pen-

dulum with a horizontally oscillating, driven pivot. The plot yielded from this code is shown in

Fig. 14.

#

# Simple_Pendulum_w_Osc_Pivot_Evolution_v1.py

#

# A simple pendulum is a point mass

# attached by an ideal string to a pivot.

# Here, the pivot is sinusoidally driven.

#

# We assume that there is no drag or friction.

# A damping constant has been added (RP)

#

# This file will generate a plot of

# the angular position versus time.

#
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# Written by:

#

# Ernest R. Behringer

# Department of Physics and Astronomy

# Eastern Michigan University

# Ypsilanti, MI 48197

# (734) 487-8799

# ebehringe@emich.edu

#

# 20180918 by ERB

#

# Edited by:

#

#Ryan Pacheco

#In attempts to complete a thesis

# rpachec1@emich.edu

# rmpachec@umich.edu

#October 27, 2018

# import the commands needed to make the plot

from pylab import plot,xlabel,ylabel,grid,show,figure,xlim,ylim,

title

# import the command needed to make a 1D array

from numpy import array,arange,pi,sqrt,sin,cos, exp

from scipy.integrate import odeint

# Inputs

g = 9.8 # gravitational acceleration [m/s2]

L = 0.265 # distance from pivot to CM of simple pendulum bob [m]
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mass = 0.200 # mass of the pendulum bob [kg]

X_0 = 0.013 # amplitude of the pivot motion [m]

theta_i = 0.0 # initial angular position WRT the vertical [rad]

omega_i = 0.0 # initial angular speed [rad/s]

beta_0 = 0.3 # constant in front of e in beta [rad/s]

# Calculate quantities [SI units]:

omega_sa = sqrt(g/L) # angular frequency of small

amplitude oscillations

period_sa = 2.0*pi/omega_sa # small amplitude period

omega_D = 1*omega_sa # angular drive frequency

print("Small amplitude period is %s s." %period_sa)

print("The initial angular position is %s rad." %theta_i)

print("The initial angular velocity is %s rad/s." %omega_i)

# Here are the derivatives

def derivs(r,t):

x = r[0]

xp = r[1]

dx = xp

ddx = omega_D*omega_D*X_0*cos(omega_D*t)*cos(x)/L - (g/L)*sin(x)

#-beta_0*dx

return array([dx,ddx],float)

# Specify initial conditions

x_i = theta_i # theta = theta0 is at the beginning of the motion

dxdt_i = omega_i # dxdt0 is the velocity at the start gate [m/s]

r_i = array([x_i,dxdt_i],float)

# Calculate the numerical solution using

# fourth-order Runge-Kutta algorithm
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t1 = 0.0 # initial scaled time

t2 = 30.0*period_sa # final scaled time

N = 6000 # number of time steps

h = (t2-t1)/N # time step size

tpoints = arange(t1,t2,h)

#print len(tpoints)

r = odeint(derivs,r_i,tpoints)

#print len(r[:,0])

#print max(r[:,0])

# Plot the position versus time

figure()

plot(tpoints,r[:,0],"b-")

xlim(t1,t2)

#ylim(x0,max(r[:,0]))

ylim(-0.5*pi,0.5*pi)

xlabel("Time $t$ [s]",fontsize=16)

ylabel("Angular position $\\theta$ [rad]",fontsize=16)

grid(True)

title("Length = %s m, Drive Frequency

$\omega_D$ = %.2f rad/s,

$\omega_0$ = %.2f rad/s"%

(L,omega_D,omega_sa))

show()

’’’

# Plot the angular velocity versus time

figure()

plot(tpoints,r[:,1],"g-")
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xlim(t1,t2)

#ylim(0,max(r[:,1]))

ylim(min(r[:,1]),max(r[:,1]))

xlabel("Time $t$ [s]",fontsize=16)

ylabel("Angular velocity $\omega$ [rad/s]",fontsize=16)

grid(True)

title("Length = %s m, Drive Frequency

$\omega_D$ = %.2f rad/s, $\omega_0$ = %.2f rad/s"%

(L,omega_D,omega_sa))

show()

# Plot the angular velocity versus angular position

(phase space plot)

figure()

plot(r[:,0],r[:,1],"r-")

xlim(-theta_i,theta_i)

#ylim(0,max(r[:,1]))

ylim(min(r[:,1]),max(r[:,1]))

xlabel("Angular position $\\theta$ [rad]",fontsize=16)

ylabel("Angular velocity $\omega$ [rad/s]",fontsize=16)

grid(True)

title("Length = %s m, Drive Frequency

$\omega_D$ = %s rad/s, $\omega_0$ = %s rad/s"%

(L,omega_D,omega_sa))

show()
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Appendix H Physical Pendulum Calculations

H.1 Uncertainty in the Theoretical Resonant Frequency of the Short Physical Pendulum

The partial derivative of Eq. (11), with respect to twelve measured quantities, must be de-

termined. The total partial derivative is shown symbolically in Eq. (44) and each individual

partial derivative is listed.

δfo =

√√√√ 12∑
i=1

(
∂fo
∂xi

δxi

)2

(44)
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Solving each of the partial derivatives using values contained in Table 9 and solving Eq. (44)

yields the uncertainty in the predicted resonant frequency of the short physical pendulum.

δfo = 0.003Hz
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H.2 Moment of Inertia Calculation for the Long Physical Pendulum

To construct the long physical pendulum I attached the second aluminum beam to the first

with two bolts and nuts effectively extending the length of the physical pendulum. I display a

photograph of the physical pendula in Appendix E. I approximated the moment of inertia for

the long physical pendulum using Eqs. (17–20), (10) and the values listed in Table 10.

∑
ICM = Ihub + Ibolt/spacer,1 + Ibolt/spacer,2 + Ibolt/nut,1 + Ibolt/nut,2 + IAl,beam,1 + IAl,beam,2 (45)

∑
ICM = mhub

[
r2o
2
+
r2i
2
+ l2CM

]
+ 2mb/s[r

2
b/s + l2CM ] +mb/n[l − rb,1]2 +mb/n[l − lCM ]2+

mAl,1

12
L2
1 +mAl,1

[
lCM +

l′

2
− l

2

]2
+
mAl,2

12
L2
2 +mAl,2

[
L2

2
− lCM − rb,1

]2
(46)

Substituting values from Table 10 yields a moment of inertia for the long physical pendulum.

∑
ICM = 1.4 x10−4kgm2 + 4.0 x10−5kgm2 + 3.3 x10−5kgm2+

1.6 x10−5kgm2 + 1.2 x10−4kgm2 + 3.1 x10−4kgm2

∑
ICM = 6.6 x10−4kgm2
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